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ON WEIGHTED BANACH FUNCTION SPACES 



ALEXEI YU. KARLOVICH 



Abstract. We prove necessary conditions for the Frcdholmncss of singular 
integral operators with piecewise continuous coefficients on weighted Banach 
function spaces. These conditions are formulated in terms of indices of submul- 
tiplicative functions associated with local properties of the space, of the curve, 
and of the weight. As an example, we consider weighted Nakano spaces 
(weighted Lebesgue spaces with variable exponent). Moreover, our necessary 
conditions become also sufficient for weighted Nakano spaces over nice curves 
whenever w is a Khvedelidze weight, and the variable exponent p(t) satisfies 
the estimate |p(r) - p(t)| < A/{- log \t - t\). 



1. Introduction 

Let r be a Jordan curve, that is, a curve that homeomorphic to a circle. We 
suppose that T is rectifiable. We equip T with Lebesgue length measure \dr\ and 
the counter-clockwise orientation. The Cauchy singular integral of a measurable 
function / : T — > C is defined by 

(Sf)(t) := lim 1 / ^-dr (t £ T), 

where the "portion" T(t, R) is 

T(t,R) := {t e T : \t - t\ < R} (R > 0). 

It is well known that (Sf)(t) exists a.e. on T whenever / is integrable (see (111 
Theorem 2.22]). A measurable function w : T — > [0, oo] is referred to as a weight if 
< w(t) < oo a.e. on T. The Cauchy singular integral generates a bounded linear 
operator S on the weighted Lebesgue space < p < oo) with the norm 

ll/lk : = ( / \f(r)\ p wnr)\dr\ ' 



if and only if w is a Muckenhoupt weight (w £ A P (T)), that is, 

/ \ 1//p / 1 \ I I 

sup sup — / w p (T)\dT\ — / (T)\dr\ < oo, — I — - = 1 



ter ii>o \ -R Jv{t,R) I \ & JT(t,R) I VP 
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(see, e.g., Theorem 4.15]). By Holder's inequality, if w G A P (T), then T is a 
Carleson (or Ahlfors- David regular) curve, that is, 

(1.1J Or := sup sup — — < oo, 

ter r>o ft 

where |0| denotes the measure of a measurable set f!cT. The constant Cr is said 
to be the Carleson constant. We denote by PC the Banach algebra of all piecewise 
continuous functions on the curve T: by definition, a is in PC if and only if a is in 
L°° and the one-sided limits 

a(t ± 0) := lim a(r) 

T~>t±0 

exist for every t G T. 

A bounded linear operator A on a Banach space is said to be semi-Fredholm if 
its image is closed and at least one of the so-called defect numbers 

n(A) := dimker A, d{A) := dimker A* 

is finite. A semi-Fredholm operator A is called Fredholm if both n(A) and d{A) 
are finite. In this case the difference n(A) — d(A) is referred to as the index of 
the operator A. Basic properties of (semi)-Fredholm operators are discussed in 
[51 ll6lEU| and in many other monographs. 

The study of Fredholmness of one-dimensional singular integral operators of the 
form 

R a :=aP+ + P-, aePC, P±:=(I±S)/2 
on Lebesgue spaces with power (Khvedelidze) weights 

n 

(1.2) g(t) := Y[ \t~T k \ x \ r fe er, k G {1, . . . , n}, n G N, 

fc=i 

over Lyapunov curves started in the fiftieth with B. V. Khvedelidze |27| and was 
continued in the sixties by H. Widom, I. B. Simonenko, I. Gohberg and N. Krupnik, 
and others. The history and corresponding references can be found, e.g., in [51 1161 
1211 1281 |4"U) . In the beginning of nineties, I. Spitkovsky proved Fredholm criteria 
for singular integral operators with piecewise continuous coefficients on Lebesgue 
spaces with Muckenhoupt weights over smooth curves |52j . In the middle of nineties, 
A. Bottcher and Yu. I. Karlovich accomplished the Fredholm theory for the algebra 
of singular integral operators with piecewise continuous coefficients on Lebesgue 
spaces with Muckenhoupt weights over general Carleson curves. These results are 
documented in see also the brief but nice presentation in 

Lebesgue spaces L p , 1 < p < oo, are the simplest examples of so-called Banach 
function spaces introduced by W. A. J. Luxemburg in 1955. This scale of spaces 
includes Orlicz, Lorentz, and all other rearrangement-invariant spaces. By analogy 
with weighted Lebesgue spaces, for a Banach function space X and a weight w, it 
is possible to define the weighted Banach junction space 

X w := |/ is measurable on T and fw G x\. 

Under some restrictions on the weight w, the space X w is itself a Banach function 
space, although if A is a rearrangement-invariant Banach function space, then 
X w is not necessarily rearrangement-invariant (even if A is a Lebesgue space). 
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Another interesting class of Banach function spaces which are not rearrangement- 
invariant constituted by Nakano spaces L p ( ') (generalized Lebesgue spaces with 
variable exponent). For details and references, see Section [21 

Unfortunately, few is known about the boundedness of S on general weighted 
Banach function spaces X w . As far as we know, even a criterion for the bounded- 
ness of S on Orlicz spaces with general weights w over general Carleson curves 
is unknown at the moment (February of 2003). We proved necessary conditions for 
the boundedness of S on weighted rearrangement-invariant Banach function spaces 
|241 Theorem 3.2] in terms of an analog of the Muckenhoupt class. On the other 
hand, if a weight w belongs to the Muckenhoupt classes A 1 / ax (T) and A 1 /^ X (T) 
where ax, fix £ (0, 1) are the Boyd indices of a rearrangement-invariant Banach 
function space X , then S is bounded on the weighted rearrangement-invariant Ba- 
nach function space X w (see [23 Theorem 4.5]). 

On the basis of these boundedness results, following the approach of A. Bott- 
cher, Yu. Karlovich, and I. Spitkovsky, the author proved separately necessary and 
sufficient conditions for Fredholmness of singular integral operators with piecewise 
continuous coefficients on weighted rearrangement-invariant Banach function spaces 
|25l I2fi| . Under some restrictions on spaces, curves, and weights, these conditions 
coincide, that is, become criteria. In that cases, the Banach algebra of singular 
integral operators with piecewise continuous coefficients is also studied 

Very recently V. M. Kokilashvili and S. G. Samko have proved criteria for the 
boundedness of S on Nakano spaces L g with Khvedelidze weights g over Lyapunov 
curves or Radon curves without cusps provided the variable exponent p satisfies the 
estimate 

(1.3) \p{r)-p{t)\ < A/(-log|T-t|), r.ter, \r-t\< 1/2 

(see |3U1 Theorem 2] or Theorem 16. 2|l . With the help of this key result, they have 
proved Fredholm criteria for the operator aP+ + 6-P_ with piecewise continuous 
functions a, b having finite numbers of jumps on (non-weighted) Nakano spaces 
L p ( ) (see EH Theorem A]). 

For an arbitrary weight w and an arbitrary Banach function space X , we define 
the weighted Banach function space X w . Assume that 

(B) the Cauchy singular integral operator S is bounded on X w ; 

(R) X w is reflexive. 

We show that property (B) implies the condition Ax(T) of Muckenhoupt type. 
In that case X w is itself a Banach function space. Under the assumptions (B) 
and (R) we prove necessary conditions for Fredholmness of singular integral oper- 
ators R a with piecewise continuous coefficients a in the weighted Banach function 
spaces X w . This result generalizes corresponding necessary conditions in |251 The- 
orem 4.2]. As an example, we consider these necessary conditions in Nakano spaces 
Lw with general weights w. They have almost the same form as in the case 
of Lebesgue spaces with Muckenhoupt weights over Carleson curves (see 
Proposition 7.3]). We should only replace the constant p (for weighted Lebesgue 
spaces L^) by the value pit) of the variable exponent p(-) at each point t G T 
(for weighted Nakano spaces L„ '). Our approach is based on a local principle of 
Simonenko type, the Wiener-Hopf factorization of local representatives, and the 
theory of submultiplicative functions associated with local properties of the curve, 
of the weight, and of the space. Using of the local principle allows us to consider 
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coefficients a having a countable number of jumps (in contrast to |31j . where only 
a finite number of jumps is allowed). 

The paper is organized as follows. In Section|21we collect necessary preliminaries 
on weighted Banach function spaces X w and Nakano spaces LpO). In Section^ we 
define an analog of the Muckenhoupt class A p (T), replacing the norm in LP by 
the norm in a Banach function space X. We denote this class by Ax(T). We 
show that if w G Ax(T) and 1 G Ax(T), then logic has bounded mean oscillation. 
In Section 0] we remind the definitions and some properties of submultiplicative 
functions associated with the local behavior of the curve, of the weight, and of the 
space. In Section [5] we study inequalities between the indices of submultiplicative 
functions defined in Section We investigate so-called indicator functions ajf , (3% 
and cttifit of the triple (r, A, w) and of the pair (T, w), respectively. In particular, 
we show that if X is a Nakano space Lpv) with a variable exponent p(-) satisfying 
then we can separate the influence of the space from the influence of the 
weight and the curve, that is, ajT (x) = l/p(t) + at(x),(3^(x) — l/p(t) + j3 t (x) for 
x G IR such that |(r— t) v+lx \w(r) G A LP (.) (T, t), where A LP (.) (T, t) is the local analog 
of A Lp (.)(T). So, weighted Nakano spaces satisfy the "disintegration condition" in 
the terminology of [34ll2l)| . 

In Sectional we prove that the condition w G Ax{T) is necessary for the bound- 
edness of the Cauchy singular integral operator S on the weighted Banach function 
spaces X w . Further we extend basic results on the Fredholmness of singular inte- 
gral operators with bounded measurable coefficients (the local principle, the theo- 
rem about a Wiener-Hopf factorization, etc.) to weighted Banach function spaces 
satisfying Axioms (B) and (R). These results are natural extensions of the classical 
theory for Lebesgue spaces with Khvedelidze weights over Lyapunov curves (see, 
e.g., |lf>l Ch. 7-8] or |4()l Ch. 4]). A canonical local representative gt n (t G T, 7 G C) 
for a piecewise continuous function is constructed in Section^ We prove separately 
necessary and sufficient conditions for factorability of g ta in the weighted Banach 
function space X w . On the basis of our necessary conditions for factorability, with 
the help of the results of Section E| we prove necessary conditions for Fredholm- 
ness of the singular integral operator R a = aP + + P_ with a G PC in X w . These 
conditions are formulated in terms of the indicator functions ajf and /3 t * defined 
in Section [S] In Section [S] we reformulate these necessary conditions for weighted 
Nakano spaces L$ ' with general weights w and variable exponents satisfying 
in terms of simpler indicator functions at and (3t- With the help of the boundedness 
criteria by V. M. Kokilashvili and S. G. Samko |S01 Theorem 2], we prove that the 
latter necessary conditions become also sufficient if w = g is a Khvedelidze weight 
and r is cither a Lyapunov Jordan curve or a Radon Jordan curve without cusps. 

2. Weighted Banach function spaces 

2.1. Banach function spaces. Let T be a rectifiable Jordan (i.e., homeomorphic 
to a circle) curve equipped with Lebesgue length measure \dr\. The set of all 
measurable complex- valued functions on V is denoted by Ai. Let _A/f + be the 
subset of functions in M whose values lie in [0, 00]. The characteristic function of 
a measurable set E C T is denoted by xe- 

Definition 2.1. (W. A. J. Luxemburg, 1955, see P Ch. 1, Definition 1.1]). 
A mapping p : A4 + — > [0, co] is called a Banach function norm if, for all functions 
f:9:fn G N) in M + , for all constants a > 0, and for all measurable subsets E 
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of r, the following properties hold: 

(Al) p(/) = 0^/ = 0a.e, p(af) = ap(f), p(f + g) < p(f) + p(g), 

(A2) < g < f a.e. p(g) < p(f) (the lattice property), 

(A3) < /„ t / a.e. ^ p(f n ) T p(f) (the Fatou property), 

(A4) p( XE ) < oo, 

(A5) / /(T)|<fr| < C E p(f) 
Je 

with G (0, oo) may depend on E and p but is independent of /. 

When functions differing only on a set of measure zero are identified, the set X 
of all functions / eM for which /o(|/|) < oo is called a Banach function space. For 
each / el, the norm of / is defined by 

\\f\\x := P(\f\)- 

The set X under the natural linear space operations and under this norm becomes 
a Banach space (see (TJ Ch. 1, Theorems 1.4 and 1.6]). 

If p is a Banach function norm, its associate norm p' is defined on M + by 

p'(g) := sup y f(r)g(r)\dr\ : / G M + , p(f) < 1 j , g G M+ . 

It is a Banach function norm itself Ch. 1, Theorem 2.2]. The Banach function 
space X' determined by the Banach function norm p' is called the associate space 
(Koihe dual) of X. The associate space X' is a subspace of the dual space X* . 
The construction of the associate space implies the following Holder inequality for 
Banach function spaces. 

Lemma 2.2. (see Ch. 1, Theor em 2.4]). Let X be a Banach function space and 
X' be its associate space. If f G X and g G X' , then fg is integrable and 

\\fg\W < H/IHIfllU'. 

2.2. Rearrangement-invariant Banach function spaces. Let M.$ and A4q 

be the classes of a.e. finite functions in Ai and A4 + , respectively. Two functions 
/, g G Mo ar e said to be equimeasurable if 

{t G T : |/(r)| > A} = {t G T : \g(r)\ > A} for all A > 0. 

A Banach function norm p : M + — > [0, oo] is called rearrangement-invariant if 
for every pair of equimeasurable functions /, g G A4q the equality p(f) = p(g) 
holds. In that case, the Banach function space X generated by p is said to be a 
rearrangement-invariant Banach function space (or simply rearrangement-invariant 
space). Lebesgue, Orlicz, Lorentz, and Lorentz-Orlicz spaces are classical examples 
of rearrangement-invariant Banach function spaces (see, e.g., and the references 
therein). 

If X is an arbitrary rearrangement-invariant Banach function space and X' is 
its associate space, then for a measurable set E cT, 

(2-1) 11x^1x11x1*11*' = |E| 

(see, e.g., [U Ch. 2, Theorem 5.2]). 
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2.3. Nakano spaces L p (''. Function spaces L p ^ of Lebesgue type with variable 
exponent p were studied for the first time probably by W. Orlicz in 1931. 
Inspired by the successful theory of Orlicz spaces, H. Nakano defined in the late 
forties |43M44| so-called modular spaces. He considered the space Lp('> as an example 
of modular spaces. J. Musielak and W. Orlicz 021 in 1959 extended the definition 
of modular spaces by H. Nakano. Actually, that paper was the starting point for 
the theory of Musielak-Orlicz spaces (generalized Orlicz spaces generated by Young 
functions with a parameter), see |41|. 

Let p : r — > [1, oo) be a measurable function. Consider the convex modular (see 
|4*T1 Ch. 1] for definitions and properties) 

m(f,p) := / |/(T)|* T >|dr|. 



r 



Denote by L p ^ the set of all measurable complex- valued functions / on T such 
that m(\f,p) < oo for some A = A(/) > 0. This set becomes a Banach space with 
respect to the Luxemburg- Nakano norm 



II/IIlpO :=inf{A>0: m(f/X,p) < l} 



(see, e.g., ^] Ch. 2]). So, the spaces L p ^ are a special case of Musielak-Orlicz 
spaces. Sometimes the spaces L p ( are referred to as Nakano spaces (see, e.g., p2 
p. 151], ^3 p. 179]). We will follow this tradition. Clearly, if p(-) = p is constant, 
then the Nakano space L p ( ') is isometrically isomorphic to the Lebesgue space L p . 
Therefore, sometimes L p ^ are called generalized Lebesgue spaces with variable 
exponent. 

Lemma 2.3. (see, e.g., Proposition 1.3]). Let p : T — > [l,oo) be a measurable 
function. The Nakano space L p ^' is a Banach function space. 

It is not difficult to show that L p ^ is not rearrangement-invariant, in general. 

The following result on the reflexivity and duality of Nakano spaces was precisely 
stated in [221 Theorem 2.3 and Corollary 2.7], although it can be obtained from 
more general results for Musielak-Orlicz spaces ^2 Ch. 1-2] (see also |45p. 

Lemma 2.4. Let p : T — ► [1, oo) be a measurable function. If 

1 < essinf p(t) < esssupp(t) < oo, 

then the Nakano space L 9 ^' is reflexive. Its associate space coincides (up to the 
equivalence of the norms) with the Nakano space L p where 

At)- P{T) 



p(r)-l 

Finally, Nakano spaces are important in applications to fluid dynamics |48j. 

2.4. Weighted Banach function spaces. Let X be a Banach function space 
generated by a Banach function norm p and let w : T — > [0, oo] be a weight. Define 
the mapping p w : A4 + — > [0, oo] and the set X w by 



,(f):=p(fw) (f£M+), X w :={feM+: fwex}. 
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Lemma 2.5. (a) p w satisfies Axioms (Al)-(A3) in Definition 12.11 and X w is a 

linear normed space with respect to the norm 

\\f\\x w :=p w (\f\) = p(\fw\) = \\fw\\ x ; 

(b) if w E X and l/w E X' . then p w is a Banach function norm and X w is a 
Banach function space generated by p w . Moreover, 

L°° C X w G L ; 

(c) if w G X and l/w G X', then X^, is the associate space for the Banach 
function space X w . 

Proof. Part (a) follows from Axioms (Al)-(A3) for the Banach function norm p 
and the fact that < w(t) < oo a.e. on T. 

(b) If w G X, then by Axiom (A2) for p, we get w\e G X for every measurable 
set E of T. Therefore, Pw(xe) = p{wXe) < oo. Thus, p w satisfies Axiom (A4). By 
Holder's inequality (see Lemma \'2. 2(1 and Axiom (A2) for p, we have 

Xe(t) 
w(t) 

< PifwxE)p'(XE/w) < p(fw)p'(xE/w) =: C E p w (f), 

where Ce '■= p'{xe/w) G (0, oo). This constant, clearly, depends on p, w (and thus 
on p w ) and E, but it is independent of /. Therefore, p w satisfies Axiom (A5). 
Thus, p w is a Banach function norm and X w is a Banach function space. 
From 12.2(1 and Axiom (A2) for X' it follows that 

\\f\W<\\f\\xJ\l/w\\ x ,, f G X w . 

Hence, X w Cl 1 , in view of l/w G X'. On the other hand, for / G L°°, 

0< |/(r)| < H/lloo a.e. on T. 

By Axioms (A2) and (Al) for p w , we have 

\\f\\x u , = Pw (\f\) < Pw (\\f\U = ||/||ooP«,(l) = ||/||oc||^]]x. 

Thus, Lr° G X w , in view of w G X. Part (b) is proved. 

(c) For g G M + , we have 



(2.2) f f(r)\dr\ = f (/(r) W (r) X£ (r)) ^-\dr\ 



(p w Y(g) = sup ^Jj(T)g(T)\dr\ : / G X + , p w (/) < 1 

= supj^ (/(rHr)) (j^) \dr\: f E M + , p(fw) < l\ 
= BU P y h(r)(^j \dr\ : h E M+ , p(h) < 1 



= p\g/w). 

Hence, (Jf„)' = X( /w . □ 

We will refer to the normed space X u , as a weighted Banach function space 
generated by the Banach function space X and the weight w. From Lemma l2.5f b) 
it follows that the weighted Banach function space X w is a Banach function space 
itself whenever w E X and l/w E X' . 

For other definition (different from our) of weighted Banach function spaces, see, 
e.g., jSIEZl. 
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2.5. Separability and reflexivity of weighted Banach function spaces. A 

function / in a Banach function space X is said to have absolutely continuous norm 
in X if \\fxE n || jc ~~ ► f° r every sequence {E n }^ =1 of measurable sets on T satisfying 
Xe„ —> a.e. on T as n — > oo. If all functions / £ X have this property, then the 
space X itself is said to have absolutely continuous norm (see ^ Ch. 1, Section 3]). 

In this subsection we assume that X is a Banach function space and w is a weight 
such that w £ X and 1/w £ X'. Then, by Lemma f2.5f b). the weighted Banach 
function space X w is itself a Banach function space. 

Proposition 2.6. // X has absolutely continuous norm, then X w has absolutely 
continuous norm too. 

Proof. If / G X w , then fw £ X has absolutely continuous norm in X. Therefore, 
H/X-eJIx™ = H/wxeJlA- — > for every sequence {E n }%> =1 of measurable sets on T 
satisfying XE n — > a.e. on T as n , — > oo. Thus, / £ X w has absolutely continuous 
norm in X w . □ 

From Lemma \l. 51 and ^ Ch. 1, Corollaries 4.3, 4.4] we obtain the following. 

Lemma 2.7. (a) The Banach space dual (X w )* of the weighted Banach function 
space X w is isometrically isomorphic to the associate space X'^, if and only if X w 
has absolutely continuous norm. If X w has absolutely continuous norm, then the 
general form of a linear functional on X w is given by 



(b) The weighted Banach function space X w is reflexive if and only if both X w and 
X\ i have absolutely continuous norm. 

Corollary 2.8. If X is reflexive, then X w is reflexive. 

Proof. If X is reflexive, then, by Ch. 1, Corollary 4.4], both X and X' have 
absolutely continuous norm. In that case, due to Proposition 12.61 both X w and 
X[, w have absolutely continuous norm. By Lemma l2.7f b). X w is reflexive. □ 

Since Lebesgue length measure \dr\ is separable (for the definition of a separable 
measure, see, e.g., p. 27] or (201 Section 6.10]), from Lemma \'2. 51 and 1, Ch. 1, 
Corollary 5.6] we immediately get the following criterion. 

Lemma 2.9. The weighted Banach function space X w is separable if and only if 
it has absolutely continuous norm. 

We denote by C the set of all continuous functions on T and by TZ the set of 
all rational functions without poles on the curve T. With the help of Lemmas 12.71 
and 12. 91 literally repeating the proof of Lemma 1.3], one can get the following. 

Lemma 2.10. The weighted Banach function space X w is separable if and only if 
C is dense in X w . 

Corollary 2.11. If X w (or X) is reflexive, then TZ is dense in X w and in its 

associate space X 1 i w . 

Proof. If X w is reflexive, then by Lemmas 12 .7( b) and 12.91 both X w and X[, w are 
separable. This implies that C is dense in X w and in X'^,, due to Lemma 12.101 In 
view of the Mergelyan theorem (see, e.g., ^] Ch. Ill, Section 2]), every function 




l/w l 



and \\G\\ (Xw) . = \\g\\ xl 



i/ 
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in C may uniformly be approximated by functions in 1Z. Thus, 1Z is dense in X w 
and in X[^ w . If X is reflexive, we need first apply Corollary 12.81 and then repeat 
the above arguments. □ 

3. Analogs of the Muckenhoupt class 

3.1. Definitions. Let X be a Banach function space. Fix t G F. For a weight 
w : r — ► [0, oo], put 

B t M.{w) := -jj\\wxr{t,R)\\x\\XT{t,R)/w\\x' (R > 0), 

where Xr(t,R) is the characteristic function of the portion F(t,R). Consider the 
following classes of weights: 

A x (F,t) := \w : sup B t>R (w) < oo \, A X (F) :— \w : sup sup B tiR (w) < oo \ . 

( r>o > ter r>o > 

Obviously, A X (F) C A x (F,t) for i 6 T. If X is a Lebesgue space L p ,p 6 (1, oo), 
then ^4x(r) is the Muckenhoupt class A p (T). For a detailed discussion of Mucken- 
houpt weights on curves, see, e.g., The classes A X (T, t) and A X {T) were denned 
in [53] (see also [55JI2S]) for rearrangement-invariant spaces X. Here we assume 
only that X is a Banach function space. Ours definition is similar to a definition in 
0. For others generalizations (different from our) of the Muckenhoupt class ^4 P (r) 
in the setting of Orlicz and Lorentz spaces, see, e.g., |151 129j and in the setting of 
Banach function spaces, see |34) . 

With the help of Holder's inequality (see Lemma [2.2f> . it is easy to show that 
w S A x {T,t) implies 

(3.1) C r ,t := sup < oo. 

R>0 R 

We say that a rectifiable Jordan curve F is locally a Carleson curve at the point 
t G r if (|3.1() is satisfied. In that case the constant Cr,t is referred to as the local 
Carleson constant at the point t G F. Analogously, if w € A X (F), then 



Cr = supCr.t < oo, 
ter 



that is, r is a Carleson curve. 



3.2. Bounded and vanishing mean oscillation. Let T be a rectifiable Jordan 
curve. Let / : F — > [—00,00] and / G i 1 (r). Suppose t G F,6 G (0, 00], and 
R G (0,oo). Put 

ntiLR) ■= wra/ r(f , fl) /(T)|dT| ' 

MsAf) SU P it77~rVi / \f(r)-n t (f,R)\\dr\. 

o<r<s |t [t, n)\ Jr(t,R) 

A function / is said to be of bounded mean oscillation at the point t E F if 
:= Moo.tif) < 00. In this case we will write / G BMO(F,t). A function 
/ G BM 0(F, t) has vanishing mean oscillation at the point t G F if 

lim M a ,t(/)=0. 
In that case we will write / G VMO(F, t). 
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One says that a function / : T — > [— oo, oo] is of bounded mean oscillation on T 
if / £ BMO{T, t) for all t £ T and 

11/11* := sup||/|| M < oo. 
ter 

The class of functions of bounded mean oscillation on T is denoted by BMO(T). 
A function / £ BMO(r) is said to be of vanishing mean oscillation on T if 

hmsupM 5 , t (/) = 0. 

The class of functions of vanishing mean oscillation on T is denoted by VMO(T). 
Clearly, BMO(T) C BMO(T, t) and WO(r) C MO(r, i) for every t € T. 

3.3. Bounded mean oscillation of logarithms of weights. Let 

d t := max It — t\. 

rer 

For a weight w : T — > [0, oo] such that w G -Xf(r) and 1/ui £ X'(T), we have 
w, l/w £ L 1 (r). Then, taking into account the obvious inequality | logx| < x + l/x 
for x £ (0, oo), we deduce that logu; £ L 1 . For t £ T and i? > 0, put 

lkxr(t : _R)IUI|xr(t,i?)||x' 



C(w,t,R) := exp(-ft t (logw,i?)) 
C'(w,t,R) := exp(Q t (logio,72)) 



|r(<,i?)| 

||Xr(t,R)]]x]]Xr(t,R)/^||x' 



|r(i,i?)| 

Clearly, these quantities are well defined. 

Lemma 3.1. (a) If w £ A x (T,t) and 1 £ A x (T,t), then 

(3.2) 1 < sup C{w,t,R) < oo, 1 < sup C'(w,t,R) < oo. 

(b) 7/ u; £ A X (T) and 1 £ A X (T), then 

(3.3) 1 < sup sup C(w, t, R) < oo, 1 < sup sup C'(w, t, R) < oo. 

ter r>q ter r>q 

Proof. The proof is developed by similarity to [251 Lemma 1.5]. Applying Jensen's 
inequality (see, e.g., (331 P- 78]) and Holder's inequality (see Lemma l2~2)l . we obtain 

exp^log^)) <- m J^ v){T )\dr\ < ^ . 

Hence, 

(3.4) 1 < C(w,t,R), R>0. 
Analogously, 

(3.5) 1 < C'(w,t,R), R>0. 
Inequalities l|3.4|l and l|3.5|l imply that (|3.2|) is equivalent to 

(3.6) sup (C(w, t, R)C'(w, t, R)) < oo 

R>0 ^ ' 

and H3.3fl is equivalent to 

(3.7) sup sup (C(w, t, R)C'(w, t, R)) < oo. 
ter r>o ^ ' 
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Since T(t, R) =T for R > dt, we have for every t g T, 

(3.8) swpB t , R (w) = sup B t . R (w), supB ttR (l) = sup B t . R (l), 

R>0 R£(0,2d t ] R>0 Re(0,2dt] 

(3.9) sup (C(w,t,R)C'(w,t,R)) = sup (c(w,t,R)C'(w,t,R)). 

R>0 ^ ' 0<R<2d t V ' 

Evidently, i?/2 < |T(£, for i? g (0, 2d t ]. Taking into account the latter inequality 
and the definitions of C(w, t, R),C'(w, t, R), we get for t g T and i? e (0, 2dt], 

ni * u\nn + t>\ s \\ w Xr(t, R )\\x\\xr(t, R )/w\\x' \\Xr(t,R)\\x\\Xr(t,R)\\x' 



|r(t,fl)| \T{t,R)\ 

< AB tjR {w)B ttR {\). 

Therefore, 

(3.10) sup (c(w,t,R)C'(w,t,R)) <A( sup Bj.hH) ( sup B tiR (l) 

R.e(0,2dt] V 7 X R£(0,2dt] J V flS(0 : 2d t ] 

From (|3~%|) - (|3~TU|) it follows that 

(3.11) sup (c(w,t,R)C'(w,t,R)) < a( sup B t , R (w))( sup B t . R {l)), 

R>0 v ' K R>0 ' v fl>0 ' 

(3.12) sup sup [C(w, t, R)C'(w,t, R) \ < 4( sup sup B t , R (w) ) ( sup sup B t , R {) 
ter fl>o ^ ' ^ ter h>o ' ^ ter fl>o 

(a) If w g Ax(r,t) and 1 g Ax(T,t), then jXTJl implies (|3~^|) . but we have 
shown that (|3.6[) is equivalent to (|3.2I) . Part (a) is proved. Part (b) is proved 
similarly by using (|3.12() and the equivalence of l|3.7[) and 13. 3[) . □ 

Lemma 3.2. (a) If w g A x (T,t) and 1 g Ax(r,£), then \ogw g MO(r,i). 
(b) //we A x (r) and 1 g A X (T), then logw g MO(r). 

Proof. This statement is proved by analogy with |251 Lemma 1.6] (see also 
Proposition 2.4]). Put Q t (R) := to t (lagw,R), 

r+(t,R) := {TeT(t,R):\ogw(T)>n t (R)}, 

T-(t,R) := jr g T(i,i?) : log to (r) < Cl t (R)\. 

Due to Jensen's inequality |33 p. 78], 

(3.13) ^(^/^llog^-O,^)!^) 

^ PrTTmi / exp ( lo S w ( r ) ~ l dr l 
I 1 \t,H)\ Jr+(t,R) v 7 

+ , rr , 1 m , / exp ( - (log W (r) - n t (R))) \dr\ 
I 1 (t,R)\ Jr-(t,R) v ' 

< \ T (t R)\ / 6XP ( logu, ( T ) ~ fi *( i? ))xr(t,fl)('r)|c?T| 

+ Jt(TrJ\ J r exp ( ~ ( logw ( T ) ~ n *(#)))xr( t ,.R)(T)|<iT|- 
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Applying Holder's inequality (see Lemma 12. 2J) to the first term on the right of 
(pH3|l . we get 



(3.14) 



1 



\nt,R)\Jr 

< 



exp flogi^r) - n 4 (i?)jxr(t,ii)(T)|dT| 

IIXr(t,i?olU' 



exp (logw(-) - Q, t (R)jxr(t,R)( 

-sit(B) Wxr(t,R)\\x\\xr(t,R,)\\x' 
\T(t,R)\ 



x \T(t,R)\ 
C(w,t,R). 



Analogously, 
(3.15) 



1 



exp 



( - (log w(r) - n t (i?)))xr(t,fl)(T)|dr| < C'(w, t, R). 



\T(t,R)\ 

Combining (|3.13[) ~ (|3.15[1 . we see that for every t G T and R > 0, 
/ 1 



Consequently, 
(3.16) 



r(t,R.) 



|logw(r) -Cl t (R)\\dT\ <C(w,t,R) + C'(w,t,R). 



logui||* jt < log ( sup C(w, t, R) + sup C'(w, t, R) 

R>0 R>0 



t e r, 



(3.17) || logw||* < log I sup sup C(w,t, R) + sup sup C'(w, t, R) 

\ter r>o ter r>o 

Statement (a) follows from Lemma fc.lf a) and (|3.16|) . Statement (b) follows from 
Lemma l3~TTb) and (|3~T7|) . □ 

For rearrangement-invariant Banach function spaces X, by using l|2.1(l . we infer 
that w G Ax{T) implies 1 G Ax(T). In that case, by Lemma l3~2T bL if w G Ax(T), 
then logw G BMO(T). This result was obtained in |25l Lemma 1.6]. Note that for 
Lebesgue spaces L p , 1 < p < oo, and Muckenhoupt classes ^4 p (r) this fact is well 
known (see, e.g., Proposition 2.4]). 

4. Indices of submultiplicative functions associated 
with weighted banach function spaces 

4.1. Submultiplicative functions and their indices. Following 01 Section 1.4], 
we say a function <I> : (0, oo) — > (0, oo] is regular if it is bounded in an open 
neighborhood of 1. A function $ : (0, oo) — > (0, oo] is said to be submultiplicative if 

<fr(xy) < $(x)$(y) for all x,y e (0, oo). 

It is easy to show that if $ is regular and submultiplicative, then $ is bounded away 
from zero in some open neighborhood of 1. Moreover, in this case $(x) is finite for 
all x G (0, oo). Given a regular and submultiplicative function $ : (0, oo) — > (0, oo), 
one defines 



«(*) - sup m 
xG(0,l) !ogx 

Clearly, -oo < «($) and /3($) < oo. 



log$(ir) 

zG(l,oo) \ogx 



inf 
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Theorem 4.1. (see Theorem 1.13]). If $ : (0, oo) — ► (0, oo) is regular and 
submultiplicative, then 

/ t \ ,. log$(x) . log$(x) 

a(<f>) = hm —2 — — , /?($) = hm —2 — i-£ 

ai^O logX x^oo log X 

and -oo < a($) < /?($) < +oo. 

The quantities a(<3?) and /3( < I ) ) are called the lower and upper indices of the 
regular and submultiplicative function <&, respectively. 

4.2. Spirality indices. In this subsection we mainly follow Ch. 1]. Fix t G T. 

Suppose ip : T \ {t} — > (0, oo) is a continuous function. Put 

F^(R 1 ,R 2 ):= max min ^(t), Hi, -R2 S (Q, d t ]. 

rer,|T-t|=JJi / rer : |r-i|=_R, 2 

By Lemma 1.15], the function 

(W t il>)(x) := 



sup F^(xR,R), ie(0,l], 

0<R<d t 

sup F^ J (R,x~ 1 R), x e (l,oo). 



is submultiplicative. For t S T, we have, 

r-t = \T-t\e l ^ T - f \ rer\{i}, 

and the argument arg(r — t) may be chosen to be a continuous function of r 6 r\{i}. 
Consider 

ry t (r) := e — *C T -*). 

Using the local Carleson constant Cr,t instead of the global Carleson constant Cr, 
we can obtain the following local versions of [3J Theorem 1.10 and Lemma 1.17]. 

Lemma 4.2. IfT is locally a Carleson curve att ET, then 

arg(r — t) = 0(— log t — t\) as r — > t. 

Lemma 4.3. If T is locally a Carleson curve at t € T, then the submultiplicative 
function W t r\t is regular. 

Under the assumptions of Lemma 14.31 by Theorem 14. II there exist the spirality 
indices 

6t :=a{WtVt), 5+ := (3(W t ri t ) 
of the curve T at the point t (see Ch. 1]). If, in addition, 

arg(r - 1) = -S t log |t - t\ + O(l) as r -> i, 

where <5t £ R, then = = b~ t (see Section 1.6]). Examples of Carleson 
curves with distinct spirality indices are also given there. 

On a rectifiable Jordan curve we have dr = e l9r ^ \dr\ where 9r(r) is the angle 
between the positively oriented real axis and the naturally oriented tangent of T 
at t (which exists almost everywhere) . A rectifiable Jordan curve F is said to be a 
Lyapunov curve if 

\9t(t) - 0r(t)\ <c\T-t\^ 
for some constants c > 0, fi S (0, 1) and all t, t S T. If #r is a function of bounded 
variation on T, then the curve T is called a Radon curve (or a curve of bounded 
rotation). It is very well known that Lyapunov curves are smooth, but Radon 
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curves may have at most countable set of corner points (or even cusps). All Lya- 
punov curves and Radon curves without cusps are Carleson curves (see, e.g., |28l 
Section 2.3]). The next statement is well known. 

Proposition 4.4. If T is either a Lyapunov Jordan curve or a Radon Jordan curve, 
then for every t £ T , 

arg(r — t) = 0(1) as r —* t, 
and, therefore, 8^ = 8f = 0. 

4.3. Indices of powerlikeness. To investigate whether the weight |(r — £) 7 |u>(t) 
with arbitrary 7 6 C belongs to the Muckenhoupt class A P (T), A. Bottcher and 
Yu. I. Karlovich introduced submultiplicative functions Vtw and V^w associated 
with local properties of the weight w at the point t £ T (see Ch. 3]). 

Let w be a weight on T such that log w £ L 1 (r(i, R)) for every R £ (0, dt}. Put 

H w {R ll R 2 ) :=exp(r!t(log W ,i? 1 ))/exp(r! t (logu;,i? 2 )), R U R 2 £ (0,d t }. 

Consider the functions 



Lemma 4.5. The function V t w is submultiplicative. IfV t w is regular, then V^w is 
regular and submultiplicative. Moreover, a(V^w) = a(Vtw) and f3{Vfw) = /3(Vtw). 

Lemma 4.6. If T is locally a Carleson curve at t £ V and \ogw £ BMO(T,t), 
then Vtw and V®w are regular. 

Lemmas 14.51 and 14.61 are proved by analogy with Lemma 3.5(a)] and |3| 
Lemma 3.2(a)]. These statements are stated in |H] under the assumption that T is 
a Carleson curve. But Lemma T4.5I is valid for arbitrary rectifiable curves T. Since 
Lemma 14.61 has a "local nature" , we may use the "local" Carleson constant Cr,t 
instead of the "global" Carleson constant Cr in its proof. Under the assumptions 
of Lemma 14.61 in view of Theorem 14. II for the weight w, there exist the indices of 
powerlikeness 



at the point t £ T. 

Obviously, for a power weight w(t) = |r — t\ Xt , the indices of powerlikeness equal 
fj,t = Vt = At . Nontrivial examples of weights with distinct indices of powerlikeness 
are given m Examples 3.24-3.28]. 

Lemma 4.7. (see |25l Lemma 2.4]). IfT is locally a Carleson curve at t £T and 
logw £ VMO(T,t), then \i t =v t = Q. 

4.4. Submultiplicative functions associated with weighted Banach func- 
tion spaces. Let T be a rectifiable Jordan curve and let A be a Banach function 
space. Fix t £ T and consider the portion of the curve T in the annulus 




x£ (0,1], 
X £ (1, 00), 



(V t °w)(x) 



limswp H w (xR, R), x £ (0, 00). 



(4.1) 



Ht := a(V t °w) 



a(V t w), v t ■= P(V t °w) = P{V t w) 



A(t, R) :— T(t, R) \ T(t, R/2), R>0. 



Clearly, 
(4.2) 



R/2<\A(t,R)\, R£(0,d t }. 
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On the other hand, if T is locally a Carleson curve at t € T, then 
(4.3) \A(t, R)\ < \T(t, R)\ < C r ,tR, R>0. 

Suppose w : T — ► [0, oo] is a weight such that wxA(t.R) G X and XA(t,R)/ w £ X' 
for all R 6 (0, d t ]. We denote 

Lr w \H\, Hq) .= 1 a 77 p \ 7 Rl, Rl S (U, Of J. 

|A(t, K 2 J| 

Define the following functions (see [^] Section 5]): 
(Q t w)(x) := 



sup G w (xR,R), xs(0, 1], 
o<fi;<d t 

sup G w {R,x" 1 R), x £ (1, oo ) 

0<i?.<(i f 



(Q°u;)(x) := lim sup G w (xR,R), i£(0,oo). 

Lemma 4.8. The function Qtw is submultiplicative. If Qtw is regular, then Q®w 
is regular and submultiplicative. Moreover, a(QfW) = a(Qtw), /3(Qt w) — (5{Qtw). 

Lemma 4.9. If w £ Ax(I\ t), f/ien Qtw cmd are regular. Moreover, 

< a(Q t w) = a(Q?u;) < /3(QN) = P{Qtw) < 1. 

These statements are proved in |24l Lemmas 5.1-5.2] and [21 Theorem 5.3], re- 
spectively, under the assumption that X is rearrangement-invariant. But, actually, 
we did not use this assumption in those proofs. So we can literally repeat the proofs 
for arbitrary Banach function spaces. 

5. Relations between indices 

5.1. Case of general Banach function spaces. Let T be a rectifiable Jordan 
curve, let X be a Banach function space, and let t £ T. 

Theorem 5.1. Suppose w : T — > [0, oo] is a weight such that \ogw £ L (T(t, R)) for 
every R £ (0, dt] and ip : T\ {t} — > (0, oo) is a continuous function. If the functions 
VtW and Wtip are regular, then the function Vt(ijjw) is regular too. Moreover, 

a{V t w) + a(W t ip) < a(V t (ipw)) < min \a{V t w) + /3(W t tp), (3{V t w) + a(W t ip)\, 

0(V t w) + 0{W t ip) > P(V t (ipw)) > max{a(V t w) + p(W t ip), 0(V t w) + a(W t ip)]. 

This statement is proved similarly to Lemma 3.17]. 

Theorem 5.2. Suppose w : T — » [0, oo] is a weight such that wXA(t,R) £ X and 
XA(t.R.)/ w £ X' for every R £ (0, dt] and ip : T \ {t} — > (0, oo) is a continuous 
function. If the functions Qtw and Wtip are regular, then the function Qt{ipw) is 
regular too. Moreover, 

a(Q t w) + a(W t ip) <a(Q t {i>w)) < min [a{Q t w) + 0(W t r/>), P(Q t w) + a(W t ip)}, 
f3{Q t w) + (3{W t ip) > (i{Qt{ipw)) > max{a(Q t w)+f3(Wtij),0(Qtw) + a(WtTp)}. 

This theorem is proved in |24l Theorem 5.8] for rearrangement-invariant Banach 
function spaces. The proof given there does not use the rearrangement-invariant 
property of the space, so it works for an arbitrary Banach function space. 
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Lemma 5.3. If T is locally a Carleson curve at t G T and \ogw G BMO(T,t), 
then for every R G (0, dt], 

C I 

exp(Sl t (logw,R)) < * / w(T)\dr\ 

\A(t,K)\ JA(t,R) 

where Ct ■= exp(2Cr,t|| log iwH^t) < oo. 

The proof is actually given in [21 Lemma 3.2(b)]. 

Theorem 5.4. Let T be locally a Carleson curve at t G T and let w : T — > [0, oo] 
be a weight such that wxA(t.R) G ^:XA(t.R)/ w <= X' for every R G (0, dt] and 
logic G BMO(T,t). If Qtw and Q t l are regular, then 

(5.1) a(Q t w)<nt+0(Qtl), v t +a(Q t l)</3(Q t w). 

Proof. The proof is developed by analogywith 25., Theorem 2.6]. From Lemma 15*31 
and Holder's inequality (see Lemma r2.2fl we see that for every R G (0, dt], 

lkxA(t,-R)IUIIxA(t,/?.)IU' 



\A(t,R)\ 

XA(t,R)\\x\\XA(t,R)/w\\x> 



(5.2) exp(fi t (logw,-R)) < C t 

(5.3) exp(-Q t (logw,R)) < cj- 

From (|5.2|) and (|5.3|) it follows that for x G (0, 1] and R G (0,d t ], 

(5.4) H w (xR,R) = exp(Cl t (logw,xR)) exp(-Q t (logw, R)) 

, n2 \\ w XA(t,xR)\\x\\XA(t,R)/ w \\x> \\XA(t,R)\\x\\XA(t,xR)\\x' 



\A(t,R)\ \A(t,xR)\ 
= CfG w (xR,R)G 1 {R, xR). 
Then, taking the supremum over all R G (0, dt], we obtain for x G (0, 1], 

(5.5) (V t w){x) < Ct(Qtw){x){Q t l){x- x ). 
Analogously for x G (1, oo) and R G (0, dt], 

(5.6) H^R^^R) < C^G W (R, x- 1 R)G 1 (x- 1 R, R). 

Taking the supremum over all R G (0, dt], we arrive at (|5.5(l for x G (1, oo). By Lem- 
mas I4.5I - |4.6I the function V t w is regular and submultiplicative. By Lemma l4~""l the 
functions Qtw and Q t l are submultiplicative, they are regular, due to the assump- 
tion of the theorem. Therefore, in view of Theorem l4.ll the indices a(Qtw), (3(Qtw); 
a(Q t l), f3(Qtl); and a(V t w), (5{V t w) exist and are well defined. 
From H5.5(l it follows that 

\og(V t w)(x) \ogCf log(Q t w)(x) log(gtl)(0 c , nil 

] > -; \- ; ; rr , xe(0,l\, 

logx log a; log a: logo: 1 

\og(V t w)(x) \ogC? log(Q t w)(x) log(gtl)(0 cM , 

— i < -; 1- — ; ; rr — i xe{l,oo). 

logx logx logx logx 1 

Passing to the limit in the latter inequalities as x — > (respectively, as x — * oo), 
we obtain, respectively, 

fit = a{V t w) > a{Q t w) - (3(Q t l), v t = (3{V t w) < f3(Q t w) - a(Q t l). 

So, we arrive at (OJ. □ 
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Theorem 5.5. If w G Ax(T,t) and 1 G Ax(r,i), £/ien 

(5.7) a{Q t l) +Ht< a(Q t w) < min |a(Q t l) + f t , /3(<2 4 1) + Mt}, 

(5.8) /3(Qtl) + ^t >P{Qtv>) >max{a(Q t l) + v t ,l3(Q t l)+(i t y 

Proof. The idea of the proof is borrowed from [251 Theorems 2.6 and 2.7]. From 
Lemmas 14 . 8H4 . 91 it follows that the functions Qtw and Qtl are regular and submul- 
tiplicative. On the other hand, by Lemma \'6.'2( a,). login G BMO(T,t). Therefore, 
by Lemmas 14. 5114.61 the function Vtw is regular and submultiplicative. Thus, all 
the indices 

a(Qtl), KQtl), a(Q t w), P(Q t w), fM t = a(V t w), v t = p{V t w) 
are well defined. By Theorem 15.41 

(5.9) a{Q t w) <pt + p(Q t l), v t + a(Q t l) < f3(Q t w). 

If 1 G Ax(T,t), then from the lattice property it follows that for every R > 0, 

(5-10) -^\\XA(t,R)\\x\\XA(t,R)\\x> < -^\\xr(t,R)\\x\\xr(t,R)\\x> 

< supS t , fi (l)=:S t (l). 

Combining H5.1U[) and l[4.2[l . we arrive at 

IIXA( t ,fl)||A-||XA (f ,fl)||x' < 25 t (l)|A(t,i?)|, i? G (0,dt]. 
Then we have for x £ (0, 1], 

, g u , l = |A(t,xE)| > ||xA(t,xij)lk|[xA(t,fl)lk' 



GifaxR) \\XA{t,R)\\x\\XA(t,xR)\\x> ~ (2Bt(l))a|A(t,fl)| 

= (2S i (l))- 2 G 1 (xi?,i?). 
Analogously, we deduce that for sc G (1, co), 

(5.12) --^-- ^(^(i))-^^^. 
From (|5.4[) and (|5.11[1 we obtain for a; G (0, 1], 

(5.3, (2B,(l))-* GlM , R ) < -^<c<«| 

= C?G w (xR,R)H w {R,xR). 
Similarly, from l[5.6[) and l[5.12[l we obtain for x G (1, co), 
(5.14) {2B t (l))- 2 G 1 (R,x- 1 R) < C 2 G w (xR, R)H w (x~ 1 R, R). 

Taking the supremum over R G (0, dt] in 15.1311 and H5.14[) . we get 

(Qtl)(x) < (2C t B t (l)) 2 (Q t w)(x)(V t w){x- 1 ), x G (0, co). 
From this inequality it follows that for x G (0, 1], 

log(Q t l)(aQ log(2C t g t (l)) 2 log(Q t w)(x) logj^w)^) 

(5-15) : > : H : : 

log a; log a; log a; log a; 1 

and, analogously, for x G (1, co), 

log(Q t l)(aQ log(2C t i? t (l)) 2 log(g^)(x) log^fo- 1 ) 

— ; 1 ; ; Zi • 

log a; log a; log a; log a; 1 
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Passing to the limit in 1(5.15(1 as x — > and in ((5.16(1 as i — -> oo, we obtain, 
respectively, 

(5.17) a(Q t l) > a(Q t w) - 0(V t w), 0(Q t l) < 0{Q t w) - a(V t w). 

By Lemma l^.lf a), there exist constants Ci(t),C2(t) > such that for every 
R > 0, 

(5.18) exp(-n t (log w,R)) ^ v — * < Ci(t), 

(5.19) exp(tt t (logw,i?)) i — ^ < C7 2 (t). 

On the other hand, from the lattice property, the Holder inequality (see Lemma l2~2'll . 
(TH|) and g2J) it follows that for i? 6 (0, dt], 

( 5 2o) |r(t ' E)l < l r (^)l _ |r(^^)l-llxA (t ,fl)IU 



||Xr(t,ii)||x' ||XA(t,R)||x' ||XA(t,R)||x||XA(t,R)|U 

^(M^ IIXA(t ' fl 
2Cr,t||XA(t,ii)||x 



\T(t,R)\ C Tt R 
\A(t R)\" XA{t ' R) " x ~ R/2 " XA ^' R )" X 



Analogously, for R G (0, d t ], 

(5.21) 1 ^ML<2C r , t \\xA(t,R)\\x'. 

From 1(5. 18(1 - 15. 21|) and the lattice property it follows that for R G (0, dt] and 

x e (o,i], 

(5.22) G^i?) = ^(-«)^^A( t ,«)/^llx' 



< 



\A(t,R)\ 

\\wxr(t,xR)\\x\\xr(t,R)/w\\x> 
\A(t,R)\ 

pexp(O t ( 

\T(t,xR)\ \T(t,R)\ 



^ ^Ifp? exp(fi t (log w, xR)) expi-OtQogw, R)) 
\A(t, H)\ 



\\Xr(t,xR)\\x> ||xr(t,H)l|x 
< (2C r ,t) 2 C 1 (t)C 2 (t)H w (xR,R) 



■>r< - ,.r< ,,mi , .r> r ,s\\X&{t,xR)\\x\\X&{t,R)\\x' 



\A(t,R)\ 

= (2C r ,t ) 2 d (i)C 2 (t)fl™ (z-R, i?)Gi (zi?, R) 
and, similarly, for i? G (0, dt] and x G (1, cxd), 

(5.23) G w (R,x- x R) < {2C r ,t) 2 Ci{t)C 2 {t)H w {R,x- 1 R)G l {R,x- 1 R). 
Taking the supremum over all R G (0, d t ] in 15.22(1 and (|5.23l) . we obtain 

(Qtw)(x) < (2Cr,t) 2 C 1 (t)C 2 (t){V t w){x)(Q t l)(x), x G (0, oo). 

Therefore, 

(5.24) a(Qtw) > a(V t w) + a(Q t l), (3(Q t w) < (3{V t w) + /3(Q t l). 
Combining (EU), l(5~T7|l . and JESJl, we arrive at (|5~Y|l - (j5"%|) . □ 
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If X is a rearrangement-invariant Banach function space, then from (|2.1(l it 
follows that the conditions 1 G Ax(T,t) and 1 G Ax(T) are equivalent to 
and (| 1 - 1 pi , respectively. Hence, w G Ax(r, t) implies 1 £ Ax(r,i) whenever X is 
rearrangement-invariant. This property allows us to simplify the formulation of 
Theorem 15.51 for rearrangement-invariant Banach function spaces (see [251 Theo- 
rems 2.6 and 2.7]). 

Note that a(Qtl) and (3(Qtl) can be considered as a generalization of the Zippin 
(fundamental) indices px and qx of a rearrangement-invariant Banach function 
space X |53| . If X is rearrangement-invariant, then a(Q t l) = px and 0(Qtl) — 
qx (see [^] Theorem 5.4]). On the other hand, the Zippin indices for an Orlicz 
space L v coincide with the reciprocals of the Matuszewska-Orlicz indices, which 
control the growth of the Young function tp (see, e.g., and the references given 
there). The notion of Matuszewska-Orlicz indices of Orlicz spaces was extended 
to the case of Musielak- Orlicz spaces in ^1 ^]. Remind that Orlicz spaces are 
always rearrangement-invariant, but Musielak-Orlicz spaces are not rearrangement- 
invariant, in general. 

5.2. Case of Nakano spaces. Suppose T is a rectifiable Jordan curve. Assume 
that p : r — > (1, oo) is a continuous function. Then 

(5.25) 1 < := mmp(t) < maxp(t) := p* < oo, 

due to the compactness of T. We will say that a continuous function p : T — > (1, oo) 
belongs to the class Vt if there is a constant A t > such that 

(5.26) |p(r)-p(*)l< . f ., for all rer(t,l/2). 

-log|r - t] 

The class of all continuous functions p : T — > (1, oo) such that p € P t for every 
t e T and 

sup At = : A < oo 
ter 

is denoted by V . Clearly, V C Vt for every t 6 T. 

The class plays a very important role in questions on the boundedness of 
maximal functions and singular integrals on (weighted) Nakano spaces (see ^| |SU1 
146) . the references therein, and also Theorem 16. 21) . 

Proposition 5.6. A function p belongs to Vt (respectively, to V) if and only if the 
function p' (r) :— p[r) j (j>(t) — 1) belongs to Vt (respectively, to V). 

Proof. The statement immediately follows from the obvious inequality 

p(r) - p{t) 



\p'(r)-p'(t)\ 



< W)-P(t)\ 



(p(r)-l)(p(t)-l) 

and the reflexive relation (p')' = p. □ 

Lemma 5.7. Let T 6e locally a Carleson curve at t G T and p G Vt- Then there 
exist constants M\(t), M2{t), C\ (t), Ci(t) G (0, oo) such that 

(5-27) ||XA( t) fl)IUo > M^R 1 ^ for all R G (0, Ci(i)), 

(5.28) ||xr( t) fl)||w(0 < M 2 (t)R 1 ^ for all R G (0, C 2 (t)). 
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Proof. From (|5.26(l it follows that 



(5.29) -p{t) 



< -p(t) < -p(t) + 



A, 



■Iog|r-t| 

Since r — t\ < R for r £ i?), we have 



(5.30) 
From 
(5.31) 



-4, 



< 



A t 



log|r-t| 
T€T(t,R), Re (0,1/2) 



, rer(t,i/2). 



-log|r-t| " -logi? 
and |53U)l we get for r e T(t, R) and i? £ (0, 1/2), 

-Pit) + T^IS < -Pir) < -P(t) - L 



log R log i? ' 

For R £ (0, e^" 4 '), taking into account that p(t) £ (1, oo), we obtain 



(5.32) 



Pit) 



.4, 



\ogR 



(p(t) - 1) + 1 + 



-4, 



From (|53T|) we get for A £ (0, 1] and R £ (0, min{l/2, e~ At }), 

At 



(5.33) exp 



Pit) 



logi? 



logi? 
iin{l/ 

log A) < exp(-p(r)logA) 



> p(t) - 1 > 0. 



< exp 



Pit) 



A, 



logi? 



log A 



Analogously, for A £ (l,oo) and R £ (0,min{l/2,e At }), 

At 



(5.34) exp 



Pit) 



logi? 



log A < exp(-p(r)logA) 



Pit) 



< exp — 



logi? 



log A 



Let us prove Ij5.27|l . From the first inequality in (|5.33(l and l|4.2(l it follows that 
for A £ (0,1] and i? £ (0, min{l/2, e~ At , d t }), 



m(xA(tM)/\p) 



exp(— p(r) log \)\dr\ 



A(t,R) 



> exp 



> exp log 



Pit) 



R 



-4, 



logi? 

P (t) + 



log A) \A(t,R)\ 
A, 



logi? 



log A 



Put C\{t) := min{l/2,e At ,dt}- Therefore, taking into account 
for i? £ (0,Ci(t)), 



we obtain 



{a£(0,1]: m(xA(t,fl)/A,p) < l} 



■:{Ae(0,l]: log I 



Pit) 



-4, 



logi? 



log A < 



A : expf^I^ )<X<l). 
y \p(t) + At/ log R J " " J 



Thus, for i? £ (0,d(t)), 



(5.35) iVi := inf {A £ (0,1] : m( X A(t,R)/\p) < l} > exp 
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Analogously, from the first inequality in l|5.34|) we obtain 

| A G (l,oo) : m(x A (t,R)/\p) < l} C (l,oo) 

because 

Thus, for R G (0,Ci(t)), 

(5.37) 2V 2 :=inf{Ae(l,oo): m( X A(t,R)/\p) < l} > 1. 
From (E23)-(E!33 we obtain for i? G (0, Ci(t)), 

(5.38) \\XA(t,R)\\LPi-) =inf {A > : m( X A(t,R)/\p) < l} = min{JVi,iV 2 } 

. . f 1 / logCR/2) \\ f log(fi/2) 

> mm < 1, exp — — — — — > = exp 1 



^{t)+A t /\ogR)\ ^ \p(t)+ A t /log R 
From (|S~3"2T) it follows that for R G (0, Ci(i)), 

logf logf A t +A t §l At+log2 



> __ _^4i > 



K*) + 1^ P(*) (p(t) + p(t) " (?(*) - ~ (! - *>(*))*>(*) ' 

From the latter inequality we deduce that 

logCg/2) \ = cx / bgCg/g) _ log(fl/2) \ 1/pW 



(5.39) exp [ p(t) + At/logR ) - ex Vy p ( t )+A t /logR p(t) J \2 

- P V(i-K*)M<) p(*)/ 

Combining (|5.38|) and l|5.39|l . we arrive at 15.27( 1 with 

Grit) := mMlAe-^}, M l( t) := exp ( ( *^ f) - ) 
Taking into account l|3.1() . one can prove that l|5.28() is valid with 

C7 2 (i) :=min{l/2,l/Cr, t ,e- A Sd t }, M 2 (t) := exp f^Lj + 
The proof of (|5.28l) is similar to the proof of (|5.27() and it is omitted. □ 



Lemma 5.8. Suppose T is locally a Carleson curve at t G T and p G Vt- Then 
1 G ^lp(-) (r, t) and 

(5.40) a(Qtl) = /3(Q t l) = l/p(t). 

Proof. From Lemma l5~7l we deduce that there exist constants Ci(t), Mi(t) (i = 1, 2) 
such that 

(5-41) \\XA{t,R)\\ L p( ) > Mi(t)i? 1/p(t) for all R G (0, Ci(t)), 

(5.42) ||xr(t,fl)lliP(o < M 2 (t)R 1 ^ for all i? G (0, C 2 (t)), 

By Proposition 15. 61 p' G TV Analogously, applying Lemma l5~7l to LP ^ and taking 
into account that the latter space coincide with (L p ^)' up to the equivalence of the 
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norms (see Lemma [2.4(1 . we infer that there exist constants C'^t) , M[{t) (i = 1,2) 
such that 

(5-43) \\xA { tM)\\ { L^y > Mi(t)RW for all R e (0,C{(t)), 

(5.44) \\xr(t,R)\\ { L^y < M' 2 {t)R 1,p ' {t) for all R £ (0, C' 2 (t)). 
From (E31, itCTjl it follows that for R £ (0,min{C 2 (t), C' 2 (t)}), 

(5.45) B tiR (l) = -\\xr(t,R)\\Lp(-)\\Xr(tM)\\(Lp(-)y 



< iAf 2 (t)A^(t)i2 1 /p(*)ie 1 /p , (t) = M 2 (t)M 2 (t). 
R 

On the other hand, for i? > min{C 2 (t), C 2 (*)}> 

(k ar\ d n\ 1 ii ii ii ii ^ PILptolllll^PtO)' 

(5.46) B t ,«(l) - s l|xr ( t,H)llz-(-)||Xr(t,fl)ll(L,wy < — (c^Cp)}- 

From (15151) and lf5~IrJjl it follows that 

sup B t . R {l) < max <^ M 2 (t)M 2 {t), . , , . \ ^ < oo. 

Thus, ieV)(r,«). 

Put C(t) := mm{C 1 (t),C 2 (t),C[(t),C 2 (t)}. From (^31, (JOJl, and the 

lattice property we obtain for x £ (0, oo) and R £ (0, C(t) min{l, l/x}), 

\\XA(t,xR)\\LP<--) IIXA(t,fl)||(LP< ))' 



(5.47) G!{xR,R) 



< M 2 {t)M' 2 {t) 



\A(t,R)\ 

(xi2) 1 /p(*)flVp , (*) 



\A(t,R)\ 



< M 2 {t)M' 2 {t)^—^ = 2M 2 (t)M^t)x 1 M t l 
Combining (|5.43|) . I|5.45|) . and l|4.3|l . we get for the same x and R, 

(5.48) GtixRR) > M 1 (t)M[(t) { 

> M l( t)M(ft)^l ^f^ ^M t ), 
Gr,tR Cr,t 

From (|CT7I) and l Ogj l it follows that 

j^MM giM*) < (Q0 1)(a;) < 2Af 2 WM 2 (i) 2 ; 1 /f(*), a, g ( ,oo). 

Since 1 6 A LP i)(T), the function Q^l is regular and submultiplicative (see Lem- 
mas ^31 ancl mil • From the latter inequality it follows that 

a(Q?l) = /3(Q?1) = l/p(t). 

Combining the latter equalities with Lemma T4. 81 we arrive at (|5.4()(l . □ 

Theorem 5.9. Let T be locally a Carleson curve at t £ T , let w : T [0, oo] be a 

weight, and let p £ Vt- If w £ A LP ()(T,t), then logw £ BMO(T,t) and 

(5.49) a(Q t w) = l/p(t) + a(F t w), /?(Q t w) = l/p(t) + (3{V t w). 
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Proof. Since p G Vt and T is locally a Carleson curve at t, in view of Lemma f5. 81 
1 G A LP (-)(T,t). By Lemma rOTaL logw G BMO(T, t). From Theorem ESI and 
we get 



l/p(t) + a(V t w) < a(Qtw) < win{l/p(t) + a(V t w), l/p(t) + (3(V t w)} 

= l/p(t) + a(V t w), 

1/ P {t) + l3(V t w) > P{Qtw) > max{l/p(t) + a(V t w), l/p(t) + (3{V t w)} 

= l/p(t)+p(V t w), 

that is, equalities H5.49|l hold. □ 

Lemma 5.10. Let T be a Carleson curve, let w : T — > [0, oo] be a weight, and let 
peV. Ifw G A LP{ . } (T), then logw G BMO(T). 

Proof. By analogy with Lemma ISTI one can show that there exist constants C > 
and M, M' G (0, oo) such that 

||xr (t ^)IU-> < Mi? 1/P(t) , \\xnt,R)\\ LP >(-) < M'iiVp'W 

for all i? € (0,C) and all i G T. Taking into account Lemma \'2. 41 as in Lemma l5~81 
from the latter inequalities we obtain 1 G A LP ( )(r). Therefore, logic G BMO(T), 
due to Lemma l3.2f b). □ 

5.3. Indicator functions. In this subsection we generalize the notion of indicator 
functions (see Ch. 3] and also [2H Section 7.2], j2D Section 2.5], [23 Section 3.3]) 
to the case of weighted Banach function spaces. 

Suppose r is a rectifiable Jordan curve, w : T — * [0, oo] is a weight, X is a Banach 
function space. 

Lemma 5.11. Let T be locally a Carleson curve at t G T . For every x G K, the 
function Wtr]f is regular, sub-multiplicative, and 

oP t {x) := a(WtVt) = mm{8^x,5fx}, 
$(x) := (3(WtVt) = max{5 t "a;,(5 t + x}. 

This statement follows from local analogs of j3J Lemmas 1.15, 1.16, and Propo- 
sition 3.1]. 

For a complex number 7 G C, we define a continuous function ipt,-y on T \ {t} by 

(5.50) pt, 7 (T) := |(r-t) 7 | = |r - t| Rc7 e - Im 7arg(r-t) = | r _ t |B» 7 ^( r j)lm 7 . 

Lemma 5.12. If w G Ax(r,i), i/ien /or every 7 G C, i/ie function Q t ((pt,-yw) is 
regular, submultiplicative, and 

(5.51) a(Qt(cp t ^w)) = Re7 + a(Qt(?7 4 Im7 w)), 

(5.52) /3(Qt(^t j7 w)) = Re7 + /3(Qt(^ Im7 w))- 

Proof. This statement is proved similarly to |241 Lemma 7.2]. By a local analog 
of Proposition 3.1], the function Wt^pt.Rc-y is regular and submultiplicative for 
every 7 G C and 

(5.53) aiWm^j) = (3{W m>Ke7 ) = Re 7 . 
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On the other hand, by Lemmas l4.8H4.9l the function Qtw is regular and submul- 
tiplicative. Then, by Theorem 15.21 the function Qt(ipt.-fUj) is regular and submul- 
tiplicative for every 7 e C. In particular, the function Q t (i] l t m " < w) is regular and 
submultiplicative for every 7 <E C. From Theorem 15.21 and (|5.53fl it follows that 

aiQtinT 1 w )) + Re 7 < a(Q t (<pt,-fW)) 

< mm{a{Q t {Ti t n ^w)) +Rej,(3(Q t ( V ] nl ^w)) +Re 7 }, 

/3(Q t (77 t Im7 ^))+Re 7 > P(Qt(<Pt,-yw)) 

> max{a(Q t (? 7t Im7 U ;)) + Re 7 ,/?(g t (77 t Im7 W )) +Re 7 }. 

From the latter inequalities we immediately obtain H5.51|l - ()5.52(l . □ 

Lemma 5.13. Ifw £ Ax(T, t) andl £ Ax(T,t), then for every 7 £ C, the function 
Vt{ipt,-yw) is regular, submultiplicative, and 

(5.54) a{V t { V%1 w)) = Re 7 + a(V t (r,]^ w)) , 

(5.55) P(y t {<pt„w)) = Rej + fiiVti^w)). 



Proof. By Lemma [3. 2f a). logu> € BMO(T ,t). Then by Lemma [4.61 the function 
Vtw is regular. The rest is proved by analogy with Lemma [5.121 with the help of 
Theorem O □ 

If w £ Ax(T,t), then for every x £ K, the function Q t (r]fw) is regular and 
submultiplicative, in view of Lemma |5.12l From Theorem 14. II and Lemma |4.9I we 
deduce that the following functions are well defined for 

a? (z) := a(Q t (v») = a(Q° t (r,fw)), ft(x) := P{Qt{ri») = P(Qt(v»)- 

If, in addition, 1 £ Ax(J*,t), then the function Vt(j]fw) is regular and submulti- 
plicative for each x £ R, due to Lemma 15.131 Then Theorem 14.11 and Lemma 14.51 
imply that the functions 

at(x) := a(V t (rffv>)) = a(V t °( V fw)), (3 t (x) := 0(V t (rffw)) = f3{V t \v») 

are well defined for all iei 

The functions are called the indicator functions of the triple (T,X,w) at 

t £ r. The functions a t ,(3t are referred to as the indicator functions of the pair 
(T,w) at t £ T. The functions a£,/? t * were introduced in [25] (see also |^||2S|) for 
rearrangement-invariant Banach function spaces. The functions at, fit were defined 
in Ch. 3] in the context of Lebesgue spaces and Muckenhoupt weights. 

Lemma 5.14. The functions at,a\ are concave, the functions (3t,Pt are convex. 
In particular, ott,a* t and 0t, Pt are continuous on E. 

Proof. By [23 Section 2.2, Property 6], 

|/lV-i x < H/llxNlx fl > 0£[o,i], 

for every /, g £ X. With the help of this property, one can prove concavity of a* 
and convexity of PI similarly to Proposition 3.20]. Concavity of at and convexity 
of [3t are already proved there. □ 

The following statement generalizes [23 Lemma 3.5]. 
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Lemma 5.15. (a) If w £ A x (T,t), then for x,y £ R, 

a* t (x) + a° t (y) < a* t (x + y) < min{a t *(^) + ft(x) + a°(y)}, 

ft(x) + PUv) > R{x + y) > max{a t *(x) + $(y), ft(x) + a° t (y)}. 

(b) Ifwe A x (T,t) and 1 e A x (T,t), then for i,j/6l, 

a t (x)+a° t (y) < a t (x + y) < min{a t (a;) + 0°(y), [i t (x) + a°(y)}, 

0t(x) + 02(y) > 0t(x+y) >max{a f (x)+$(y),l3t(x)+oQ(v)}. 

Proof, (a) From Lemmas 15.111 and 15.121 it follows that the functions a^,ft and 
a®, Pi are well defined. Applying Theorem l5.2l to the weights w := nfw and ip := rff, 
we get Part (a) . Part (b) is proved analogously with the help of Theorem 15.11 and 
Lemma 15.131 □ 

Corollary 5.16. Let T be locally a Carleson curve att £ T such that 8^ = =: St. 

(a) Ifwe Ax(T,t), then 

(5.56) a* t {x) = a(Q t w) +8 t x, ft (x) = (3(Q t w) + S t x (x e R). 

(b) Ifwe A x (T,t) and 1 e A x (T,t), then 

(5.57) a t (x) = fxt + 5 t x, /3 t (x) = v t + 8 t x (x e R). 

Proof, (a) Since 5^ = 5f = St, we have a®{x) = $(x) = S t x. In that case from 
Lemma r5.15f a') we deduce that 

(5.58) a* t (y) + 6tx = a*t(x + y), ft (y) + 6 t x = ft (x + y) 

for every x, y e R. Setting y = in l|5.58|l . we arrive at (|5.56|) . Part (b) is proved 
similarly. □ 

5.4. Indicator functions for Nakano spaces. Let T be a rectifiable Jordan 
curve, let L p ^' be a Nakano space. Fix t e T. For a weight w e A LP (.) {T, t), put 

Ar t :={ 7 eC: ^eV)(r,i)}. 

Lemma 5.17. Let T be locally a Carleson curve at t e T , let p e Vt, and let 

w e A LP (.) (r, t). Then for every 7 € N t , 

(5.59) a t *(Im 7 ) = l/p(t) + a t (Im 7 ), /3*(Im 7 ) = l/p(t) + A(Im 7 ). 
Proof. Let 7 e N t . By Theorem EH 

(5.60) a(Qt((f>t„w)) = l/p(t) + a(V t (<pt„w)), 

(5.61) P(Qt(<Pt„w)) = l/p(t)+/3(V t (<p t ^w)). 

Note that by Lemma f5. 81 1 e A LP (.)(T,t). Therefore, we can apply Lemma [5.131 
From (|5iP) - (|5l)T|l . l|53T |l -l|53 ^l . and it follows that 

aiQt^w)) = l/p(t) + a(V t ( V l^w)), ^(Q^ 1 " 1 ^)) = l/p(t) +/3(V t (^ m ^)), 
that is, equalities l|5.59|l hold. □ 

Lemma 5.18. Let T be locally a Carleson curve at t e V such that 8^ = = 0, 
let p e Vt, and let w e A LP ( ) (T, t). Then for every every x e R, 

(5.62) a t (x) = pi U Pt(x) = v t , a* t {x) = l/p(t) + fi t , ft{x) = l/p(t) + v t , 
where /i t , v t are the indices of powerlikeness of the weight w at t defined by (I4.1|l . 
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Proof. By Lemma IB~%1 1 G A LP (-) (T, <). From Corollarv l5.16l we get for every iel, 

(5.63) ot*(x) = a(Q t w), ffi(x) = (3 t {Qtw), a t (x) = fit, (3 t {x) = z/ t . 
On the other hand, by Theorem 15. 91 

(5.64) a(Q t w) = l/p(t) + m, (3{Q t w) = l/p(t) + v t . 

Combining (|5.63|) and (|5 . f>4|> . we arrive at l|5.62(l . □ 

6. Fredholm theory for singular integral operators 
with bounded measurable coefficients 

6.1. The Cauchy singular integral operator. Let T be a rectifiable Jordan 
curve. We provide T with the counter-clockwise orientation. The curve T divides 
the complex plane C into a bounded connected component D + and an unbounded 
connected component D~ . Without loss of generality we suppose that G D + . 
Let X be a Banach function space and w : V — > [0, oo] be a weight. Then the 
weighted Banach function space X w is a linear normed space which becomes a 
Banach function space whenever w (£ X and 1/w G X' (see Lemma I2.5JI . 

Theorem 6.1. Let T be a rectifiable Jordan curve, let w :T — > [0, oo] be a weight, 
and let X be a Banach function space. If the Cauchy singular integral operator S 
is bounded on the weighted Banach function space X w , then w G Ax(T). 

This theorem was proved for weighted rearrangement-invariant Banach function 
spaces in a slightly different form in |^] Theorem 3.2] (see also [32 Theorem 4.3] 
and (31 Theorem 4.8]). First, as in |241 Lemma 3.3], by using the Landau lemma 
for the Banach function space X (see Ch. 1, Lemma 2.7]), we show that w G X 
and 1/w G X'. Then, by Lemma f2.5f b). the weighted Banach function space X w 
is itself a Banach function space. The proof of j^l Theorem 3.2] (see also |23l 
Section 3]) does not use the rearrangement-invariant property of the space X, so it 
works for arbitrary weighted Banach function spaces. 

The question about the sufficiency of the condition w G Ax (T) for the bounded- 
ness of the Cauchy singular integral operator S on weighted Banach function spaces 
X w is open. We know only that this condition is sufficient for the boundedness in 
the case of Lebesgue spaces X = L p , 1 < p < oo, that is, when Ax(T) = A P (T) is 
the Muckcnhoupt class (see, e.g., |3J Theorem 4.15]). 

However, criteria for the boundedness of S on Nakano spaces with Khvedelidze 
weights L V q ^ were recently proved by V. M. Kokilashvili and S. G. Samko [23 under 
the condition that the contour T is sufficiently nice. 

Theorem 6.2. (see |3UI Theorem 2]). Let T be either a Lyapunov Jordan curve or 
a Radon Jordan curve without cusps, let g be a Khvedelidze weight (|1.2|) . and let 
p G V . The Cauchy singular integral operator S is bounded on the weighted Nakano 
space L p e ^ if and only if 

(6.1) 0<— ^— + A fe <l for all k G {1, . . . , n}. 

p{n) 

For weighted Lebesgue spaces L v e this result is classic, for Lyapunov curves it 
was proved by B. V. Khvedelidze |27j and for Radon curves without cusps by 
I. I. Danilyuk and V. Yu. Shelepov Theorem 2]. The proofs and history can be 
found in ESI EHI ED| • 
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6.2. Singular integral operators. In the following we will assume that T is a 
rectifiable Jordan curve, X is a Banach function space, w : T — > [0, oo] is a weight 
such that 

(B) the Cauchy singular integral operator S is bounded on the weighted Banach 

function space X w ; 
(R) the weighted Banach function space X w is reflexive. 

Axiom (B) guarantees that, by Theorem l6.ll w 6 Ax(T). Therefore, w G X and 
1/w G X'. Hence, X w is a Banach function space with the associate space X[, 
and 

L°° dX w C L l . 

On the other hand, if w G Ax(r), then T is a Carleson curve. Axiom (R) implies 
that the Banach dual (X w )* of X w coincides with its associate space X[, w and the 
set 1Z of all rational functions without poles on T is dense in both X w and X^, 
(for details, see Subsection l2.4|l . 

The above mentioned properties of weighted Banach functions spaces satisfying 
axioms (B) and (R) allow us to prove the following statements as in the case of 
weighted Lebsegue spaces (see, e.g., ^Jj Ch. 1] and jSJ Ch. 6]). Detailed proofs 
can be found in |231 Ch. 2] (see also |241 125) ) for weighted rearrangement-invariant 
Banach function spaces X w . Note that the assumption that X is rearrangement- 
invariant is not essential and can be omitted there. 

We denote by IC(X W ) the closed two-sided ideal of all compact operators on X w 
in the Banach algebra B(X W ) of all bounded linear operators on X w . As usual, I 
is the identity operator on X w and al denotes the operator of multiplication by a 
measurable function a : T — > C. 

Lemma 6.3. If a G L°° , then al G B(X W ) and \\aI\\B(x m ) < ll a lloo- 
Lemma 6.4. The operators 

P + :=(I + S)/2, P_:=(I-S)/2 
are bounded projections on both X w and X'^,. 

Lemma 6.5. If a G C, then aS — Sal G JC{X W ). 

On the weighted Banach function space X w (or on its dual (X w )* — X[, w ) 

define the operator Hr by (Hrf){T) := e _j£ ' r ^ r - ) ip(r). Note that the operator Hr is 
additive but Hr(aip) — a ■ Hpip for aeC. Evidently, H^, = I. 

Lemma 6.6. The adjoint of S G B{X W ) is S* = -H r SH r G B(X[ /w ). 

For a G L°°, put 

T a := P+aP+ + P_ , R a :=aP + + P_. 

Lemma 6.7. Let a G L°° . If one of the operators T ai R a is semi-Fredholm, Fred- 
holm, left-invertible, right-invertible, invertible, then the second operator has the 
same property. If the operators T a and R a are semi-Fredholm, then 

n{T a ) = n{R a ), d{T a ) = d(R a ). 



Proof. By Lemmas 16 . 3H6 . 4l the operators al and P± are bounded on X w . The rest 
follows from |21l Lemma 1.21]. □ 
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So, it is sufficient to study only one of the operators T a ,R a . We will formulate 
our main results for the operator R a . This operator is usually called a singular 
integral operator with the coefficient a. It is well known that Fredholm properties 
of this operator are closely connected with the solvability of the Riemann-Hilbert 
boundary value problem (see, e.g., [BI HBl l3"8] 

6.3. Hardy type subspaces. In view of Lemma ROl one can define the following 
subspaces of X w : 

(X w ) + := P+X w , (X w )°_ := P-X w , (X w )- := (X w )_+C; 

the corresponding subspaces (X[^ w ) + . {X[,)^_, (X' x , )_ of X' x , are defined anal- 
ogously. Also put 





■= {/6I 1 : 


f f(r)r n dT = 


for 


n > oj 


(L 1 ) - 


:= {/Si 1 : 


J f(T)T n dr = 


for 


n < oj 


Li 


:= (L^+C. 









Lemma 6.8. (see g3 pp. 202-206]). We have L^n^ 1 ) = {0} and L\r\I>_ = C. 

Lemma 6.9. (a) // / 6 (X w )± and g G {X' l ^ w )±, then fg G L\. If, in addition, 
f G (X w )°_ orge {X[ jw f_, then fg G (L 1 )" . 
(b) We have, 

[x w ) + = l 1 + n x w , (x w )°_ = n x w , (x w )- = l x _ n x w . 

This lemma is proved by analogy with Corollary 6.8] and Lemma 6.11]. 
Here we essentially use Cauchy's theorem, Holder's inequality for the weighted 
Banach function space X w , and the density of 1Z in X w and in Xy w (see Corol- 
lary EIU). 

Lemma 6.10. Suppose f± is analytic in D and continuous on D ± U T with the 
possible exception of finitely many points t\, . . . ,t m G T. Suppose that f±\T G X w 
and that f± admits the estimate 

\f±(z)\<M\z-t k \-" (k = l....,m) 

with some M > 0,/i > for all z G D sufficiently close to t%. Then f± G (X w )±. 

This result goes back to S. Grudsky ^| Proposition 1.5] for Lebesgue spaces. 
To prove this statement, we should repeat the proof of Lemma 6.10], replacing 
L p (T,w) by X w and using Lemma RT§1 For [i G (0,1] and Lebesgue spaces this 
result was known for a long time |16l Ch. 2, Theorem 4.8]. We remark that for our 
purposes (see Lemma l7.H we really need this analog of Grudsky's lemma allowing 
also the case \i > 1. 

6.4. Two basic theorems. Let GL°° denote the set of all functions in L°° which 
are invertible in L°°, that is, the set of functions a G L°° such that 

essinf |a(r)| > 0. 
rer 

Theorem 6.11. Let a, b G L°° . If the operator aP+ + bP- is semi-Fredholm in 
X w , then a,b G GL°° . 
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Theorem 6.12. If a G GL°° , then mm{n(R a ) , d(R a )} = 0. 

Theorem 16 . 1 21 was proved by L. Coburn 7 for Toeplitz operators on L 2 (T). In 
the form presented here Theorems 16.111 and 16.121 were proved by I. B. Simonenko in 
|51| for Lebesgue spaces with Khvedelidze weights over Lyapunov curves. For a de- 
tailed discussion of these theorems for weighted Lebesgue spaces, see Section 6.6] 
and ^3 Sections 7.4 and 7.5]. In our case the proofs are developed analogously on 
the basis of the results of Subsections 16 . 2>ifC51 and the Lusin-Privalov theorem (see, 
e.g., B2 p. 292]). 

6.5. The local principle of Simonenko type. Two functions a, b G L°° are said 
to be locally equivalent at a point t G T if 

inf {iKa-^clU : c G C, c(t) = l} = 0. 

Theorem 6.13. Let a G L°° . Suppose for each t G T we are given a function 
a t G L°° which is locally equivalent to a at t. If the operators R at are Fredholm in 
X w for all t e I, then R a is Fredholm in X w . 

For weighted Lebesgue spaces, this theorem is known as Simonenko's local prin- 
ciple |50|. More information about localization techniques can be found, e.g., in 
H3 El E3 GE| • Theorem 16 . 131 can be proved similarly to Theorem 6.30] with the 
help of Lemmas 16.51 and 16.71 

6.6. Wiener-Hopf factorization. We say that a function a G L°° admits a 
Wiener- H op f factorization in the weighted Banach function space X w if 1/a G L°° 
and a can be written in the form 

(6.2) a(t) = a_(t)t K a + {t) a.e. on T, 

where n G Z, and the factors a± enjoy the following properties: 

(i) a_ G (X w )-, l/a_ G PfyJ-, a+ G {X[ /w )+, !/*+■ G {X w )+, 

(ii) the operator (l/a+)Sa+I is bounded on X w . 

One can prove that the number k is uniquely determined. 

Theorem 6.14. A function a G L°° admits a Wiener-Hopf factorization (|6.2|) in 
the reflexive weighted Banach function space X w if and only if the operator R a is 
Fredholm in X w . If R a is Fredholm, then its index is equal to —k. 

This theorem goes back to I. B. Simonenko 0H1I2]- F° r more about this topic 
we refer to j3J Section 6.12], Section 5.5], ^3 Section 8.3] and also to ||3|2U m 
the case of weighted Lebesgue spaces. Simonenko's result was generalized by the 
author to the case of reflexive Orlicz spaces [23 Theorem 5.6] and to the case of 
reflexive rearrangement-invariant spaces |24l Theorem 6.10]. In the case of reflexive 
weighted Banach function spaces the proof is developed by analogy. The proof is 
essentially based on the density of TZ in X w and in X^,, Lemmas I6.8H6.9I and 
Theorems 16 . 1 II 15 . 1 21 Detailed proofs for the results of this section can be found in 
[231 Ch. 2] for weighted Banach function spaces X w provided X is rearrangement- 
invariant. Let us remind that this assumption can be simply omitted. 
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7. FREDHOLMNESS OF SINGULAR INTEGRAL OPERATORS 
IN WEIGHTED BANACH FUNCTION SPACES 

7.1. Local representatives. Fix t € T. For a function a G PC (~1 GL C 
struct a "canonical" function g tj7 which is locally equivalent to a at the point i G T. 
The interior and the exterior of the unit circle can be conformally mapped onto D + 
and D~ of T, respectively, so that the point 1 is mapped to t, and the points 
G D + and oo G D~ remain fixed. Let Ao and A^ denote the images of [0, 1] and 
[1, oo)U{oo} under this map. The curve AoUAqo joins to oo and meets T at exactly 
one point, namely t. Let arg z be a continuous branch of argument in C\ (AoU Aqq). 
For 7 G C, define the function z~* := |z|T e l7arg2 , where z G C \ (A U A^). Clearly, 
z 1 is an analytic function in C \ (Ao U Aoo). The restriction of z 1 to T \ {t} will be 
denoted by gt,<y- Obviously, gt.-y is continuous and nonzero on T \ {t}. 
Since a(t ± 0) ^ 0, we can define j t = 7 G C by the formulas 



, \ 1 a(t-0) 1 

(7.1) Re^^-arg^-^, Im 7i :=-_l g 



a(t - 0) 



a(t + 0) 



where we can take any value of arg(a(i — 0)/a(t + 0)), which implies that any two 
choices of Re 74 differ by an integer only. Clearly, there is a constant ct G C \ {0} 
such that a(i±0) = Ctgt,-y t (ti0), which means that a is locally equivalent to Ctgt^ t 
at the point t G T. 



7.2. Sufficient conditions for factorability of the local representative. 

Lemma 7.1. //, for some k G Z and"/ G C, the operator (p t .k~-yS(pt.-y-kI is bounded 
on the weighted Banach function space X w , then 

(7.2) g tn (T) = (l-t/r) k -<T k (T-tr- k , reT\{t} 

is a Wiener- Hopf factorization of the function g t .-y in X w . 

Proof. Since the operator ip t ,k t Sip^l_^I is bounded on X w , the operator S is 

bounded on the weighted Banach function space X Vt k _ lW . By Theorem 16.11 
ift.k--fW G Ax(T). In that case T is a Carleson curve and tpt,k-~fW G X, whence 

l Pt,k--y G X w . 

Let us show that (r — t) k 1 G (X w ) + . The function f(z) := (z — t) fc ~ 7 is analytic 
in D + and continuous on D + U (r \ {t}). For z G D + , 

= \{z - t) k ^\ = \Z- £|fc-Re7-e t (*)Im7 5 

where ® T (z) ■= arg(z — log \z— As in [^J Theorem 7.7] and [5J Lemma 7.1] 
with the help of Lemma ITT51 one can show that there is a constant M t G (0, 00) such 
that 

\f(z)\ < \z — £|' £ ~ Rc '>' e Mt l Im TK~ lo gl z - t l) _ U _ fik— Re7— M t |Im7| 

for all z in a small neie hborhood of i. By Lemma IrTTTJl (r - i) fe " 7 G (!„)+. 
Analogously one can prove that 

( T _ f)7-* e ( ^ /w)+j (1 _ t/r) fc-7 e (Xw )_, (1 - t/ry- k G (X{ /w )_. 

These facts together with the boundedness of (pt,k-ySipt,'y—kI on the space X w show 
that 1)7.2(1 is indeed a Wiener-Hopf factorization of the function g t . 7 . □ 
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7.3. Necessary conditions for factorability of the local representative. 

Theorem 7.2. If the function g tl admits a Wiener-Hopf factorization in the 
weighted Banach function space X w , then 

(7.3) -Re 7 + 6<a*(-Im7) + (1 - 6>)/5* (— Im 7 ) g Z 

for all 9 6 [0, 1]. Moreover, there exists an I G Z sttc/i t/ia£ ipt^-yW G ylx(r). 

Proof. The idea of the proof (in the case of weighted Lebesgue spaces) goes back to 
I. Spitkovsky and it was further developed by A. Bottcher and Yu. I. Karlovich 
Proposition 7.2]. This idea was applied to the proof in the case of reflexive 
rearrangement-invariant Banach function spaces (with weights) in |241 Theorem 7.6] 
and 123 Theorem 4.1]. Since, for our (more general) case, the arguments are the 
same, we point out only the main steps. 

By Theorem 16.141 the operator gt,-yP+ + P- is Frcdholm. Then there exists a 
c > such that the operators g t ,-y- e P+ + P- are Frcdholm for all e G (— c, c). 
Applying Theorem 16.141 again, we infer that all functions gt,j-e admit a Wiener- 
Hopf factorization in X w . By using its definition, one can show that there exists 
an ( £ Z such that the operators ipt.i- 1 + e S^l_ 1+e I are bounded on X w for all 
e G (— c, c). In that case, by Theorem 16.11 <£> ti ;_ 7+£ w G Ax(P) C Ax(T,t). By 
Lemma 14.91 

(7.4) < (Qt(tpt,l-^ + eW)) < f3{Qt{tp t> l- 1+ eW)) < 1. 

From Lemma f5 . 1 21 and l|7.4|l it follows that 

< I + e - Rej + a* t (-lmj) < I + e - Re 7 + (3*(- Im 7 ) < 1 
for all £ G (— c, c). Hence, 

-I < -Re 7 + 0a t *(-Im 7 ) + (1 - (9)/?*(-Im 7 ) <l-l 
for every 6 G [0, 1]. Thus, (E3J) holds for every 9 G [0, 1]. □ 

7.4. Necessary conditions for Fredholmness. Now we are in a position to state 
the main result of this paper. 

Theorem 7.3. Let T be a rectifiable Jordan curve, let w : T — > [0, oo] be a weight, 
and let X be a Banach function space. Suppose the Cauchy singular integral oper- 
ator S is bounded on the weighted Banach function space X w and X w is reflexive. 
If the operator aP+ + P_ , where a G PC, is Fredholm in X w , then a G GL°° and 

1 

2^ 



(7.5) 



a(t - 


0) 


g a(t + 


0) 




a 


i log 




a 


9 G [0, 1] 



0) 



0) 



II -»)•>, ( ^log 



a(t - 0) 



a(t + 0) 



Z 



Proof. The proof is developed by analogy with the proof of necessity part of |24l 
Theorem 7.8] (see also 3, Proposition 7.3]). 

If R a is Fredholm, then, by Theorem 16.111 a G GL°°. Fix an arbitrary t G T. 
Choose 7 = 7 t G C as in l|7.1fl . Then the function a is locally equivalent to Ctgt,~/ t 
at the point t, where c t G C \ {0} is some constant. If r € T \ {t}, then g tj7t 
is continuous and nonzero at t. Hence, it is locally equivalent to the nonzero 
constant b T :— 3t, 7t (r) at r. Clearly, the operator Rb T := b T P+ + P- is invertiblc, 
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{b T P+ + P-)^ 1 = b~ 1 P+ + P-. Therefore, the operator Rb T is Fredholm for every 
t G r \ {i}. Remind that the function gt^ t is locally equivalent to the function 
Since 



R-iR a = P+Ct 1 aP+ + P_ = T 



(7.6) 

and the operator R c -i is invertible, from Lemma (6.71 and ({7.6(1 it follows that R a 
is Fredholm if and only if i2 -1 is Fredholm. Therefore, applying Theorem 16.131 
we infer that the operator R gt is Fredholm. By Theorem 16. 141 the function g ti7t 
admits a Wiener-Hopf factorization in X w . From Theorem l7.2l it follows that 

(7.7) -Re7 t + to*(-Im7 t ) + (l-0)&*(-Irn7t) £Z 

for all 8 £ [0,1]. Since t £ T is arbitrary, from ((7.1(1 and 1(7.7(1 we conclude that 
((7.5|) holds for every t £ T and every 9 6 [0,1]. □ 

7.5. Lower estimates for essential norms. For an operator A £ B(X W ), let 

\A\ Xn .:= inf \\A + K\\ 



KeK.{X w ) 



\B{X W ) 



be its essential norm in X,, 



Theorem 7.4. Let T be a rectifiable Jordan curve, let w :T — > [0, oo] be a weight, 
and let X be a Banach function space. If the Cauchy singular integral operator S 
is bounded on the weighted Banach function space X w and X w is reflexive, then 



\S\ 



x„ 



> cot ( 7rA 



/2 



where 



Ar x w ■— inf min 

: ' ter 



\P±\x a > l/sin(7rA r ,x,„ 



[a{Q t w),l- (3{Q t w)y 



This statement is proved by a literal repetition of the proof of (251 Theorem 4.5] 
using the scheme of (161 Ch. 9, Theorem 9.1]. One can find more information about 
estimates of (essential) norms on weighted Lebesgue spaces in (161 Ch. 13] and 
Ch. 2]. 

8. Fredholmness of singular integral operators 
in weighted nakano spaces 

8.1. Necessary conditions for Fredholmness. The necessary conditions for the 
Fredholmness of R a in weighted Nakano spaces have a simpler form than in the gen- 
eral case because we can replace the indicator functions a% and /3 t * by the indicator 
functions l/p(t) + a t and l/p(t)+@t, respectively. More precisely, the next theorem 
is true. 

Theorem 8.1. Let T be a rectifiable Jordan curve, letw:T—> [0, oo] be a weight, 
and let p £ V . Suppose the Cauchy singular integral operator is bounded on the 
weighted Nakano space L^j ^ . If the operator aP + + P_ , where a £ PC, is Fredholm 



in L 



p(-) 



then a £ GL°° and 



1 a(t 
2^ rg - 



0) 



a(t- 



Q0L t ( — fog 



1 

W) 



o) 

a{t - 0) 



a{t + 0) 



+ (1 - 0)pt 



Z7T 



a{t - 0) 



a(t + 0) 



Z 



for allt £ T and all 6 £ [0, 1]. 
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Proof. Since p G V, inequalities 1)5. 25|) are satisfied. In that case, by Lemma l2~n the 
non-weighted Nakano spaces L p ^ is reflexive. On the other hand, by Theorem 16. II 
w G and l/w G (L p ^)'. Then the weighted Nakano space ■* is also reflexive, 
due to Corollary 12.81 Thus, all assumptions of Theorem 17.31 are satisfied and we 
can repeat its proof. In view of Theorem 17.21 there exists an I € Z such that 
ip tt i- 7t w G A L p( )(T), where jt is given by 17.11) . In that case, by Lemma 15.171 

- Re 7t + 6a* t (- Im 7i ) + (1 - 0)/3* (- Im 7t ) 

= -Rc7 t + l/p(t) + 0a t (-Im7t) + (l-0)/8t(-Ini7 t ). 

Therefore, we can replace condition (|7.5|) by condition (|8.1(l in the case of weighted 
Nakano spaces. □ 

For Lebesgue spaces LP W with Muckenhoupt weights w (that is, in the case when 
p(-) is constant), condition l|8.1|l becomes also sufficient for the Fredholmness of R a 
(see PI Proposition 7.3]). 

8.2. Lower estimates for essential norms. 

Theorem 8.2. Let T be a rectifiable Jordan curve, let w : T — > [0, oo] be a weight, 
and let p G V . If the Cauchy singular integral operator is bounded on the weighted 
Nakano space LQ , then 

\ s \ L pj-) > cot (nAr,p,w/2), \ p ±\ L ri-) ^ V sin^Ar.p,™)) 

where 

Ar.p,™ := inf min j — !— + fi t , 1 t-t ~ ^ 

ter \p(t) p{t) 

By Theorem 16.11 w G A iP <.)(r). Therefore, the latter theorem immediately 
follows from Theorem 17.41 and Theorem 15. 91 

If log w G MO(r) (in particular, if w = 1), then from Lemma l4~71 and l|5.25|l it 
follows that 

A r ,p,w = inf min I -5— ,1 ^- 1 = min I inf — !— , 1 - sup \ 

ter \p(t) p(t)j {terp{t) ter p(t) J 

= min |l/p*, 1 — l/p*|. 

8.3. Fredholm criterion. 

Theorem 8.3. Let T be either a Lyapunov Jordan curve or a Radon Jordan curve 
without cusps, let p G V , and let g be a Khvedelidze weight p. 211 satisfying (|6.1|l . 
Then the operator aP+ + P_ , where a G PC , is Fredholm in the weighted Nakano 
space LPq ' if and only if 

(8.2, «( t± 0,^0, -±^^ )+ ±. + X {tH Z 

for all teT, where 

/„ ^ w.n _ / A fe , if t = T k , fcG{l,...,n}, 

(8 - 3) A(t) "\ 0, if t^T\{ Tl ,...,r n }. 
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Proof. By Theorem 16.21 the operator S is bounded on the (reflexive) weighted 
Nakano space Lg\ 

Necessity. By Proposition 14.41 for Lyapunov curves and Radon curves without 
cusps, we have = 6^ = whenever i e T. By Lemma 15.181 the indicator 
functions of the pair (T, g) are constants a t (x) = Ht,f3t(x) = v t for x E M, where 
the indices of powerlikeness fit, v t of the Khvedelidze weight (|1.2(l coincide with \(t) 
given by (JH3- Thus, 



ft, [ JL log 



a(t - 0) 



a(t + 0) 



Z7T 



a(i - 0) 



a(t + 0) 



AW 



for every 6 E [0, 1] and every t E T. Therefore, the necessity of conditions (|8.2() 
follows from Theorem 18. II The necessity part is proved. 

Sufficiency. From (|8.2|) it follows that for every t g T, there exists an m t E Z 
such that 

< m t - Re 7t + 4tt + < 1, 

where j t is given by l|7.1|l . By Theorem 16.21 the operator S is bounded on the 
weighted Nakano space L~^\ where 

In view of 1)5. 5U[) and Proposition 14.41 there exist constants C\(t),C2{t) € (0,oo) 
such that 

Ci(t)g t (r) < ip t , mt - yt (r) < C 2 (t)ft(r), r ET\{t}. 

Therefore, S G B(L~^) if and only if ipt.,m t - lt Stpt., lt -m t I £ By Lemmal7.ll 

the function g t . 7t admits a Wiener-Hopf factorization in the weighted Nakano space 
Lf'\ Due to Theorem OU for every i 6 T, the operator g tnt P+ +P- is Frcdholm. 
Then the operator cgt nt P+ + P- is Frcdholm for c 6 C \ {0} (see the proof of 
Theorem E3J). 

Since the function Ctgt,j t with a specially chosen constant c* E C \ {0} is locally 
equivalent to the function a E PC at every point t E T, in view of Theorem 16. 131 
the operator R a = aP + + P_ is Fredholm in the weighted Nakano space L e . □ 

In Theorem the coefficient a can have a countable set of jumps. If a has only 
a finite number of jumps and g = 1, this result was obtained in |^ Theorem A] (as 
well as a formula for the index of the operator R a ). Note that the transition from 
finitely many to infinitely many jumps is more or less standard (see jl6l Section 9.8] 
for Lebesgue spaces with Khvedelidze weights over Lyapunov curves), using the 
stability of Fredholm operators and localization techniques (see Section 16.511 . Wc 
give the proof of Theorem 18.31 here for completeness. For Lebesgue spaces with 
Khvedelidze weights over Lyapunov curves the corresponding result was obtained 
in the late sixties by I. Gohberg and N. Krupnik ^3 Ch. 9]. 
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